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Q I Abstract 

In a recent paper |16| , we introduced a classes of derived equivalences called almost v-stable derived equiv- 
I alences. The crucial property is that an almost v-stable derived equivalence always induces a stable equiv- 

alence of Morita type, which generalizes a well-known result of Rickard: derived-equivalent self-injective 
algebras are stably equivalent of Morita type. In this paper, we shall consider the compositions of almost v- 
OO . stable derived equivalences and their quasi-inverses, which are called iterated almost v-stable derived equiva- 

lences. We give a sufficient and necessary condition for a derived equivalence to be an iterated almost v-stable 
i derived equivalence, and give an explicit construction of the stable equivalence functor induced by an iterated 

I almost v-stable derived equivalence. As a consequence, we get some new sufficient conditions for a derived 

• . equivalence between general finite-dimensional algebras to induce a stable equivalence of Morita type. 
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1 Introduction 

m 

> ' 

\^ ' In in, we introduced a class of derived equivalences called almost v-stable derived equivalences. The crucial 
property is that an almost v-stable derived equivalence always induces a stable equivalence of Morita type, which 
generalizes a classical result of Rickard ([13, Corollary 5.5]). This also gives a sufficient condition for a derived 
equivalence between general finite-dimensional algebras to induce a stable equivalence of Morita type. Note that 
^ ■ many homological dimensions, such as global dimension, finitistic dimension, and representation dimension, are 
OO ! not invariant under derived equivalences in general. But they are all preserved by stable equivalences of Morita 
^ ' type. So, this also helps us to compare the homological dimensions of derived-equivalent algebras. 
^ Let us first recall the definition of almost v-stable derived equivalences. Let F : &^{A) — > !3^{B) be 

^ a derived equivalence between two Artin algebras A and B, where ^''(A) and ^0^{B) stand for the derived 
5^ categories of bounded complexes over A and B, respectively. We use F^^ to denote a quasi-inverse of F. F is 
called an almost v-stable derived equivalence if the following hold: 

(1) The tilting complex T* associated to F has the following form: 

— >T-" — > >T-^ — ^ r" — ^ 

In this case, the tilting T* associated to F^^ has the following form (see lH Lemma 2.1]): 

— — >T^ — > >T" — ^ 

(2) addO^^iT-') = add(©f^j VAr-') and addO^LiT') = add(©;Li v^f ), where V is the Nakayama 
functor 

Let us remark that the composition of two almost v-stable derived equivalences (or their quasi-inverses) is no 
longer almost v-stable in general. If a derived equivalence is a composition F ~ F1F2 ■ ■ - F^ with F, or Fj^^ being 
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an almost v-stable derived equivalence for all /, then F is called an iterated almost v-stable derived equivalence. 
By definition, we see that an almost v-stable derived equivalence and its quasi-inverse are iterated almost v- 
stable derived equivalences, and that the composition of two iterated almost v-stable derived equivalences is 
again an iterated almost v-stable derived equivalence. Clearly, an iterated almost v-stable derived equivalence 
always induces a stable equivalence of Morita type, and therefore the involved algebras have many common 
homological dimensions. But the problem is: 

Question: Given a derived equivalence F, how to determine whether F is iterated almost v-stable or not? 

The main purpose of this note is to give a complete answer to the above question. For a bounded complex 
X' over an algebra A, we use X* to denote 0,yo^'- The main result of this note can be stated as the following 
theorem. 

Theorem 1.1. Let F : ^^(A) — > &'°{B) be a derived equivalence between twoArtin algebras A and B. Suppose 
that T* and T* are the tilting complexes associated to F and respectively. Then F is an iterated almost 
v-stable derived equivalence if and only //'add(^r^) = add(v4r*) and add{sT'^) = add(VBf '^). 

The above theorem tells us that, by checking the terms of tilting complexes, we can determine whether a 
derived equivalence is iterated almost v-stable or not. If we work with finite-dimensional algebras over a field, 
then we have several other characterizations of iterated almost v-stable derived equivalences. For details, see 
Theorem [32] below. As a consequence of Theorem ll.il we have the following corollary, which provides a new 
sufficient condition for a derived equivalence to induce a stable equivalence of Morita type. For information on 
stable equivalences of Morita type, we refer to ll3l[8ll9l [T0l . 

Corollary 1.2. Let F : S'^{A) — y S>^[B) be a derived equivalence between two finite-dimensional algebras A 
and B over afield. Suppose that T* and f* are the tilting complexes associated to F and F^^, respectively. If 
add(Ar^) = add(vAr*) and add(Br^) = add(VBr^), then A and B are stably equivalent of Morita type. 

This paper is organized as follows. In Section 2, we shall recall some notations and basic facts. Theorem 
ll.ll will be proved in Section 3 after several lemmas. Section 4 is devoted to describing the stable equivalence 
functor induced by an iterated almost v-stable derived equivalence. Finally, in Section 5, we shall give several 
methods to construct iterated almost v-stable derived equivalences. 

2 Preliminaries 

In this section, we shall recall some basic definitions and facts needed in our later proofs. 

Throughout this paper, unless specified otherwise, all algebras will be Artin algebras over a fixed commu- 
tative Artin ring R. All modules will be finitely generated unitary left modules. For an algebra A, the category 
of A-modules is denoted by A-mod; the full subcategory of A-mod consisting of projective modules is denoted 
by A-proj. The stable module category, denoted by A-mod, is the quotient category of A-mod modulo the ideal 
generated by morphisms factorizing through projective modules. We denote by Va the usual Nakayama functor. 

Let C be an additive category. The composition of two morphisms / : X — > Y and g : Y — > Z in C will be 
denoted by fg. For two functors F : C ^ D and G :£>—)• E of categories, their composition is denoted by GF . 
For an object Xm C , add(X) is the full subcategory of C consisting of all direct summands of finite direct sums 
of copies of X. 

A complex X* over C is a sequence • • • — > X'^^ X' X'+^ ■■■ in C such that d'^d'^^ = for all 
integers /. The category of complexes over C is denoted by '^(c). The homotopy category of complexes over 
C is denoted by J^{c). When C is an abelian category, the derived category of complexes over C is denoted by 
&{c). The full subcategory of J(^{c) and consisting of bounded complexes over C is denoted by J^^{c) 
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and &^{c), respectively. As usual, for a given algebra A, we simply write J(f^(A) and ^^(A) for ^*'(A-mod) 
and ^"^(A-mod), respectively. 

It is well-known that, for an algebra A, J^^{A) and ^''(A) are triangulated categories. For basic results 
on triangulated categories, we refer to Happel's book 14]. Throughout this paper, we use X*[n\ to denote the 
complex obtained by shifting X' to the left by n degree. 

Let A be an algebra. A homomorphism / : X — > Y of A-modules is called a radical map if, for any module 
Z and homomorphisms h : Z — > X and g : Y — > Z, the composition hfg is not an isomorphism. A complex over 
A-mod is called a radical complex if all its differential maps are radical maps. Every complex over A-mod is 
isomorphic in the homotopy category J^{A) to a radical complex. It is easy to see that if two radical complexes 
X* and Y* are isomorphic in .J^{A), then X* and Y* are isomorphic in "^(A). 

Two algebras A and B are said to be derived-equivalent if their derived categories &^{A) and &^{B) are 
equivalent as triangulated categories. In lfT2l . Rickard proved that two algebras are derived-equivalent if and 
only if there is a complex T* in J^^"'(A-proj) satisfying 

(1) Hom(r*,r*H) = for all « / 0, and 

(2) add(r*) generates J^''(A-proj) as a triangulated category 

such that B ~ End(r*). A complex in ^''(A-proj) satisfying the above two conditions is called a tilting complex 
over A. It is known that, given a derived equivalence F between A and B, there is a unique (up to isomorphism) 
tilting complex T* over A such that F(r*) ~B. If T* is a radical complex, it is called a tilting complex associated 
to F. Note that, by definition, a tilting complex associated to F is unique up to isomorphism in "^^(A). 
The following lemma is useful in our later proof. For the convenience of the reader, we provide a proof. 

Lemma 2.1. Let C and © be two additive categories, and let F : J^^{c) — > J(f^{'D) be a triangle functor. 
Let X* be a complex in Ji^^{c). For each term X', let Y* be a complex isomorphic to F{X'). Then F{X*) is 
isomorphic to a complex Z* with Z™ = ^i+j^mY- for all m G Z. 

Proof. We use induction on the number of non-zero terms of X*. If X* has only one non-zero term, then it is 
obvious. Assume that X* has more than one non-zero terms. Without loss of generality, we suppose that X* is 
the following complex 

— >X^ — >X^ — > ^ X" — ^ 

with X' 7^ for all / = 0, 1, ■ • • Let o^yX' be the complex — > X^ — > yX" — >0. Then there is a 

distinguished triangle in J(f^{c): 

X°[-l] o^iX' -^X' ^ X^. 

Applying F, we get a distinguished triangle in J(f^{'D): 

F(X''[-1]) ^F(a^iX*) ^F(X''). 

By induction, F{g^iX*) is isomorphic to a complex U* with U'" = F/. Thus, ^'(X*) is isomorphic 
to the mapping cone Z* of the map from Fq*[— 1] to U* . Thus, by definition, we have 

0^i^nj+j=m i+j=m 

This finishes the proof. □ 

Remark: Let F : &^{A) — > ^^{B) be a derived equivalence between two algebras A and B. F induces an 
equivalence F : ^''(A-proj) — > ^''(B-proj). So, for a bounded complex of projective A-modules, we can use 
the above lemma to calculate its image under F . 
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3 Characterizations of iterated almost v -stable derived equivalences 



In this section, we shall give a proof of our main result Theorem ll.il which characterizes iterated almost v-stable 
derived equivalences in terms of tilting complexes. In case that the algebras are finite-dimensional algebras over 
a field, we shall give several other characterizations of iterated almost v-stable derived equivalences. For this 
purpose, we need some lemmas. 

Let A be an algebra, and let aE be the direct sum of all those non-isomorphic indecomposable projective 
A-modules P with v\P being projective-injective for all / ^ 0. The A-module is unique up to isomorphism, 
and is called the maximal v-stable A-module. If aQ is a projective A-module such that add(A2) = add(vA2), 
then clearly aQ a.dd{AE). Throughout this paper, we use V^-Stp to denote the category add(yi£'). Recall that 
for a bounded complex X* over A, we use to denote the A-module 0,yo^'- 

Lemma 3.1. Let T* be a tilting complex associated to a derived equivalence F : ^''(A) — > &^{B) between two 
algebras. Then the following two conditions are equivalent. 

(1) add(VAr±) = add(Ar±); 

(2) aT^ G VA-Stp. 

Proof. Clearly, we have (1) =^ (2). It remains to show that (2) implies (1). Now we assume (2) holds. Let 
Qi = 0,<o^'- Using the same method in the proof of (E, Lemma 3.1], F^\B) is isomorphic in ^''(A) to a 
complex X* with X' G add(vA2i ) for all / < 0. Thus, T* ~ X*, and there is a quasi-isomorphism /* : T* — > X*, 
which induces a quasi-isomorphism 

U' : ••• ^j-2_^L^j-i — ^im^^i ^0 

V: ^Imt/^i -0. 

We claim that the canonical epimorphism 717 : T^' — > Imdj^ is still a radical map. Otherwise, let h:Y — y 
and g •.Imdj^ — > Y be such that hnxg = ly. Then Y is isomorphic to a direct summand of and therefore 
Y is an injective module. Thus, g factors through the inclusion X : Imdj^ — > r°, say g = Xu. Consequently 
ly = hTijXu = hdj^u. This means that dj^ : T^^ — > r" is not radical which is a contradiction. Since 
and X' are injective for all / < 0, by E Lemma 2.2], U* and V* are isomorphic in .y(f^{A). Thus, T' is a 
direct summand of X' for all / < 0, and consequently Qi = 0,<o7"' G add(vA2i). Since Q\ and Va2i have 
the same number of non-isomorphic indecomposable direct summands, we have add(A2i) = add(vA2i). Let 
Qi ■= ®i>oT'. Similarly, we have add(Ae2) = add(vAe2)- Consequently, add(Ar^) = add(A2i ® aQi) = 
add(vAei evAfe) = add(vAr±). Hence (2) ^ (1). □ 

In the following, we shall use Lemma ITT] freely. For instance, in the definition of an almost v-stable equiva- 
lence, the condition add(0"^i T^') = add(0"^i VaT^') is equivalent to say that T^' € VA-Stp for all /=!,•■•,«. 

Lemma 3.2. Let F : &^{A) — > S!^{B) be a derived equivalence between two algebras A and B, and let T* and 

T* be the tilting complexes associated to F and F^^, respectively. 7/'add(Ar^) = add(VAr^) and add(Br^) = 
add(VBr^), then F induces an equivalence between ^''(VA-Stp) and J^^''(VB-Stp). 

Proof. Let aE (respectively, bE) be the maximal v-stable A-module (respectively, B-module). Then by defini- 
tion, we have VA-Stp = add(A£') and Vg-Stp = add(B£'). The complex F{aE) is isomorphic to a complex T* in 
add( f*). Since VaE ^ aE, we have Vg f* ~ f* in &^{B). Hence there is a chain map r] from T* to VbT* such 
that the mapping cone con(ri) is acyclic. By our assumption, all T[ and Vgr/ with / 7^ are projective-injective 
since they are all in Vg-Stp. Hence con(ri) splits, and therefore VbTi © 2i ~ f ° © Q2 for some 2i , 22 G Vg-Stp. 
Hence, v^f ° G add(f/' © bE). It follows that v^f/' G add(f/' © bE) is projective-injective for all / ^ 0. Hence 
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Ti S Vfi-Stp, and consequently T* is in cJ^''(vB-Stp). Similarly, we can show that F ^{bE) is isomorphic to a 
complex in ^''(VA-Stp) and the lemma is proved. □ 

The following lemma is useful in the proof of Theorem ll.il 

Lemma 3.3. Let F : &^{A) — > &'°{B) and G : S''°{B) — > 3)°{C) he derived equivalences, and let P',P', Q', 
Q*, T*, and T* be the tilting complexes associated to F, F^,G, G^, GF, and F^^G^^ respectively. If the 
following hold: 

(1) aP^ G VA-Stp and bP^ G Vs-Stp; 

(2) bQ^ € VB-Stp and cQ^ € Vc-Stp, 

then we have € VA-Stp and G Vc-Stp. 

Proof. We only need to show that € Vc-Stp, the other statement follows by symmetry. By definition, f * is 
isomorphic to GF{A) ~ G{P*). Since P' € Vg-Stp for all / ^ 0, by Lemma [l!2l G{P') is isomorphic to a complex 
Y* in ^''(vc-Stp) for all / 7^ 0. For / = 0, the complex G{P^) is isomorphic to a complex Y* in add(2*). By 
Lemma [2?n the complex G{P*) is isomorphic to a complex Z* with Z*" = 0;+y=m^/- Since all F/, except Y^, 
are in Vc-Stp, we have Z^ G Vc-Stp. Note that both f * and Z* are in J^^''(C-proj). The complexes f* and Z* 
are isomorphic in =J^''(C-proj). Furthermore, since the complex f * is a radical complex, it follows that f ' is a 
direct summand of Z' for integers /, and consequently f ^ G Vc-Stp. □ 

Finally, we have the following lemma which is crucial in the proof of our main result. 

Lemma 3.4. Let F : S)°(A) — > ^'^(B) he a derived equivalence between two Artin algebras A and B, and 
let T* be the associated tilting complex of F. If aT^ € V^-Stp, then there is an almost \-stable equivalence 
G : &^{C) — > 3)° [A) such that associated tilting complex P* ofFG satisfies that P' G Vc-Stp/or all i < and 
P' = O for all i > 0. 

Proof. Let aE be the maximal v-stable A-module. Then V^-Stp = add(A£'). Suppose m is the maximal integer 
such that / 0. By a dual statement of |5, Proposition 3.2], there is a tilting complex Q* := R* (SAE[—m] 

over A, where R* is of the form: R* -.0 — >A — > R^ — > > R"" — >0 with R' G V^-Stp for all / > 0. Let C 

be the endomorphism algebra of Q', and let H : ^''(A) — S'^{C) be a derived equivalence given by the tilting 
complex Q*. It is easy to see that H{aE) ^ c^[H for some cP £ Vc-Stp, and H{A) is isomorphic to a complex 

S':0 — > S-'" — y >S-'^ — > S° — ^ with S' G Vc-Stp for all / < 0. Let G is a quasi-inverse ofH. Then 

S* is a tilting complex associated to G. By Lemma [3711 we see that G is almost v-stable. 

Now let Y* := H{T') for each integer /. Since G V^-Stp, for each integer / 7^ 0, we have Y* ~ P,[m] for 
some Pi G Vc-Stp. Moreover, Y* = for all / > m since T' = for all / > m. The complex Y* has the property 
that Yq = for all / > and Yq G Vc-Stp for all / < 0. By Lemma IZTl the complex H{T*) is isomorphic to 
a complex Z* with Z' = Y^ . It follows that Z' = for all f > and Z' G Vc-Stp for all t < 0. Since 

FG{H(J*)) ~ F(r*) ~ B ~ FG{P') in &^{B), the complex Z* is isomorphic in &^{C) to the tilting complex 
P* associated to FG. Since both Z* and P* are in =j^''(C-proj), they are isomorphic in J^''(C-proj). Since 
P* is a radical complex, the term P' is a direct summand of Z' for all /, and consequently P* has the desired 
property. □ 

We are now in the position to give a proof of our main result. 

Proof of Theorem ll.il Assume that F is an iterated almost v-stable derived equivalence. Let F ~ F1F2 ■ ■ f,,, 
be a composition such that Fj or F^^^ is an almost v-stable derived equivalence. Then by Lemma [331 we have 
add(Ar^) = add(vAr^) and add(Bf^) = add(vBf^). Conversely, assume that add(Ar^) = add(vAr±) and 
add(Bf ^) = add(vBf '^). By Lemma |3^ there is an almost v-stable derived equivalence G : ^^(C) — > Qi°{A) 
such that the tilting complex P* associated to FG has the property that P' = for all / > and P' G Vc-Stp for 
all / < 0. By Lemma l3?n we have add(0,-<o^O = ^dd(0;<QVc/")- Let P* be the tilting complex associated 
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to G~^F^. By Lemma[331 we have add(BP=^) = add(vBP^). Since P' = for all / > 0, by f^. Lemma 2.1], 
we have P' = for all / < 0. Hence FG is an almost v-stable derived equivalence. Thus, F ~ {FG)G^^ is an 
iterated almost v-stable derived equivalence. □ 



Remark: (1) Theorem 1 1.1 1 gives us a method to determine whether a derived equivalence is iterated almost 
v-stable or not by checking the terms of the involved tilting complexes. 

(2) Let P be a projective A-module. The condition add(/i/') = add(vA-P) is equivalent to say that P is 
projective-injective and add(top(P)) = add(soc(P)). 

(3) The proof of Corollary 1 1.2l follows immediately from Theorem II. H and fTO', Theorem 5.3]. But Corollary 
1 1.21 generalizes HQ . Theorem 5.3]. This gives a new sufficient condition for a derived equivalence to induce a 
stable equivalence of Morita type. 

As an application of Theorem ll.il we have the following corollary. 

Corollary 3.5. Let F : S>^[A) — > S'^{B) be a derived equivalence between two Artin algebras A and B, and 
let T* and T* be the tilting complexes associated to F and respectively. If a.Ad{AT^) = add(VAr*) and 
add(Bf ^) = add(vBf then the following hold: 

(1) fin.dim(A) = fin.dim(B), and gl.dim(A) = gl.dim(S); 

(2) rep.dim(A) = rep.dim(B); 

(3) dom.dim(A) = dom.dim(B), 

where fin.dim,gl.dim,rep.dim and dom.dim stand for finitistic dimension, global dimension, representation 
dimension and dominant dimension, respectively. 

Proof. The corollary follows from ||6l Corollary 1.2] and Theorem ll.il □ 

Now we work with finite-dimensional algebras over a field. In this case, we get several other characteriza- 
tions of iterated almost v-stable derived equivalences, which is the following theorem. 

Theorem 3.6. Let F : &^{A) — y &^{B) be a derived equivalence between two finite-dimensional basic algebras 
A and B over afield, and let T* and T* be the tilting complexes associated to F and respectively. Then the 
following are equivalent: 

(1) The functor F is an iterated almost v-stable derived equivalence. 

(2) add(vAr±) = add(Ar±) and add(vBf ^) = add(Bf^). 

(3) r± G VA-Stp and T^ G Vg-Stp. 

(4) For each indecomposable projective A-module P VA-Stp, the image F(top(P)) is isomorphic in S!^{B) 
to a simple B-module. 

(5) For each indecomposable projective A-module P VA-Stp, the following conditions are satisfied: 

(a) P add(Ar^); 

(b) the multiplicity of P as a direct summand of aT^ is 1. 

Proof. It follows from Theorem 1 1.1 1 and Lemma [3TT] that the statements (1), (2) and (3) are equivalent. Note 
that for any simple module S over a basic algebra A, the dimension of S as an EndA(5')-space is 1. In this proof, 
let aE and bE be the maximal v-stable A-module and B-module, respectively. 

(4) ^ (5) For each indecomposable projective A-module P not in VA-Stp, since F(top(P)) is isomorphic in 
&^{B) to a simple B-module, we have Hom^b(A)(P*,top(P)[/]) = for all / / 0, and 

Hom^b(^)(r*,top(P)) ~HomB(B,P(top(P))) ~F(top(P)) 

is one-dimensional over the division ring EndA(top(P)). Note that T* is a radical complex. It follows that P is 
not a direct summand of P^ and the multiplicity of P as a direct summand of P" is 1. 
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(5) (4) By condition (a), we see that Homg^b(^)(r*,top(P)[/]) = for all / ^ 0. Hence F(top(P)) is 
isomorphic to an indecomposable B-moduIe X. By condition {b), we can assume that T* is the only indecom- 
posable direct summand of T* such that P is a direct summand of its degree zero term. Suppose that P is the 
indecomposable projective B-module corresponding to the direct summand Tp. Then 

HomB(B,X) ~ Hom^b(^)(r*,top(P)) ~ Homg,b(4)(rp*,top(P)) ~ HomB(P,X). 

This implies that X only contains top(P) as composition factors. If X is not a simple B-module, then there is a 
nonzero map X — > soc(X) — > X in EndB(X) which is not an isomorphism. This contradicts to the fact that 
End5(X) ~ End4(top(P)) is a division ring. Hence X ~ P(top(P)) is a simple B-module. 

(3) (4) By definition, we have add(A£') = VA-Stp and add(B£) = Vg-Stp. Let P be an indecomposable 
projective A-module not in VA-Stp. Then it is clear that Hom^b(A)(7"*,top(P)[/]) = for all / ^ since P* € 
VA-Stp, and consequently P(top(P)) is isomorphic in Si^{B) to a B-module X. By Lemma |3]2j the complex 
F^^ (bE) is isomorphic in ^''(A) to a complex E* in ^''(vA-Stp). Hence 

UomB{BE,X) ~ Hom5^b(^)(p-i(B£),top(P)) ~ Hom.^b(^)(£',top(P)) = 0. 

If gZ is not simple, then there is a short exact sequence — > U — > X — > V — > in B-module with 
U,V non-zero. Applying Homg(g£,— ), we get that ¥lomB{BE,U) = = YlomB{BE,V), and consequently 
Homg^b(g)(f ,[/[/]) = = Uom^b^B){T',V[i]) for all / / since f± G Vg-Stp. Hence F-\U) and F-\V) 
are isomorphic to A-modules U and V, respectively. Thus, we get a distinguished triangle 

U — > top(P) — >V — >U[l] 

in ^''(A) by applying F^^ to the distinguished triangle U — >X — > V — > U[l]. Applying Homg^b(^)(A, — ) to 
the above triangle, we get an exact sequence — > U — > top(P) — > V — > with non-zero A-modules U and 
V. This contradicts to the fact that top(P) is a simple A-module. Hence P(top(P)) ~ X is a simple B-module. 

(4) =^ (3) For each indecomposable projective A-module P not in VA-Stp, since P(top(P)) is isomorphic 
&^{B) to a simple B-module, we have Hom^b(^)(r*,top(P)[/]) = for all / / 0. Together with the isomorphism 

Hom^b(^)(r*,top(P)[/]) ~ Hom,^b(^)(P',top(P)[/]) ~ HomA(r',top(P)), 

we get HomA(r',top(P)) = for all / ^ and for all indecomposable projective A-module P not in VA-Stp. 
Hence P' G VA-Stp for all / / 0, that is, P^ G VA-Stp. Now let aQ be a projective A-module such that aA ~ 
aP ©aG- It follows by assumption that P(top(2)) is a semi-simple P-module. Suppose that 2 is a projective 
cover of P(top(2)), and suppose that gP ~ 2 © W. Since f* is a radical complex in P-proj, we have 

HomB(f ,top(e)) ~Hom^b(g)(f,top((2)[/]) 
~Hom^b(g)(P*,top((2)[/]) 
~Hom^b(^)(A,top(e)[/]) =0 

forall//0. Hence P^ Gadd(BW). It remains to show gW GVs-Stp. Note that HomB(BW,top(2)[/]) =Oforall 
integers /. It follows that Hom^b(A)(P^(BW^),top(2)[/]) = for all integers /. Let L* be a radical complex in 
jr''(A-proj) such that P"^(bIV) ~ LV Then HomA(L',top(2)) ~ Homg^b(^)(L*,top(e)[/]) = for all integers 
/. Hence U S add(Ap) for all integers /. Using the same proof as the proof of [1 , Theorem 2.1], we can show 
that VgW is a projective B-module for all / ^ 0. It follows that glV ~ v^W for some ^ > 0. Hence gW is 
projective-injective and v'^W is projective-injective for / > 0, and consequently € Vg-Stp. This finishes the 
proof. □ 
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Remark: (1) By Theorem 13.61 (5). we see that if we consider finite-dimensional algebras over a field, then 
we can determine whether a derived equivalence F is iterated almost v-stable or not by checking the terms of 
the tilting complex associated to F , and we do not need to check the terms of the tilting complex associated to 
F^^ , which is needed in Theorem ll.il 

(2) It is interesting to know whether Theorem 13.61 holds for general Artin algebras. Note that the only 
problem is the step "(4) ^ (3)", where the method in the proof of [ 1 , Theorem 2.1] does not work for general 
Artin algebras. 

As a consequence, we have the following corollary. 

Corollary 3.7. Let F : &^{A) — > ^"'(B) be a derived equivalence between two finite-dimensional basic alge- 
bras over afield. If one of the equivalent conditions in Theorem 13.61 satisfied, then the algebras A and B are 
stably equivalent ofMorita type. 

Proof. This follows from Theorem l3.6[ and W. Theorem 5.31. □ 

We end this section by using a simple example to illustrate Theorem 13. 6 1 and Corollary 13.71 

Example: Let ^ be a field, and let A and B be finite-dimensional ^-algebras given by quivers with relations in 
Fig. 1 and Fig. 2, respectively. 

a 1 
1 p 2 8 3 

ay=5p = 
aP = 878 = Pa - 78 = 0. 

Fig. 2 

Let P{i) denote the indecomposable projective A-module corresponding to the vertex /. Then there is a tilting 
complex of A-modules 

r*: o^p(2)ep(2)ep(3) '^-^^p(i) ^0 

with P(l) in degree zero. One can check that Endjj^b(^.pj-oj)(7"*) is isomorphic to B, and that V^-Stp = 
add(P(2) ©P(3)). Hence the tilting complex satisfies the condition (5) in Theorem |3.6l Therefore, the complex 
T* induces an iterated almost v-stable derived equivalence (actually even an almost v-stable derived equivalence) 
between A and B. By Corollary 13.71 the algebras A and B are stably equivalent of Morita type. 



1 a 2 




3 • 



aPy = PyaP = yaPy = 

Fig. 1 



4 The stable equivalence functor 

In this section, we will give a description of the stable equivalence functor induced by an iterated almost v-stable 
derived equivalence. 

Let A be an Artin algebra, and let aE be a maximal v-stable A-module. Then by definition V^-Stp = hAA{aE). 
We use A-mod^ to denote the quotient category of A-mod modulo morphisms factorizing through modules in 
VA-Stp. The Hom-space in A-mod^ is denoted by Hom^(— ,— ). For a morphism / in A-mod, its image in 
A-mod^ under the canonical functor from A-mod to A-mod^ is denoted by /. The category J^''(vA-Stp) is 
a clearly thick subcategory (that is, a triangulated full subcategory closed under taking direct summands) of 
!^^{A). Let ^''(A)/^''(vA-Stp) be the Verdier quotient category, then we have a canonical additive functor 

L' : A-mod #(A)/^''(vA-Stp) 

obtained by composing the natural embedding from A-mod to S'^{A) and the quotient functor from Q)°{A) — > 
^''(A)/J?i^''(VA-Stp). For the definition and basic properties of Verdier quotient, we refer to 1,11. Chapter 2]. 
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Since 1.'{aE) is clearly isomorphic to zero object in ^''(A)/J^''(vA-Stp), the functor E' induces an additive 
functor 

£ : A-mod^ &^{A)/J^^{vA-Stp). 

Keeping this notation, we have a proposition, which can be viewed as a generalization of a well-known result 
of Rickard El Theorem 2.1] 



Proposition 4.1. The functor 



L : A-mod^ #(A)/^''(vA-Stp) 



is fully faithful. Moreover, the functor £ is an equivalence if and only if A is self-injective. 

Proof A morphism X' — ^ 7* in ^^(A) /^''(VA-Stp) is denoted by a fraction s-^a -.X' Y', where 

a and s are morphisms in &^{A), and if Z* =^ X* — > U* — > 2*[1] is a distinguished triangle in ^^{A), 

then U' G J^i^''(VA-Stp). A morphism s' in ^''(A) with this property will be denoted by =4>. Two morphisms 
4^ [/• ^ 7* and X* 4^ y • y are equal if and only if there are morphisms W ^U' andW 

such that ts = hr and ta = hb. An isomorphism from X to 7 is of the form X <^ U* =^ 7. 

First, we show that £ is a full functor. For this purpose, it suffices to show that £' is a full functor. Now 

let / : X — y 7 be a morphism in A-mod. Then £'(/) is the morphism X X — ^ 7. We need to show that 
each morphism from X to 7 in ^''(A)/^''(vA-Stp) is of this form. Let X 4= U' — > 7 be a morphism in 
^^{A)/J^^{VA-Stp). By definition, there is a distinguished triangle V ^X E' — y U*[l] in &^{A) with 
E* G ^''(VA-Stp). Consider the distinguished triangle in &^{A) 



O^qE' 



E' 



P 



a<o£*^(a^o£')[l]. 



Since E' is clearly in ^''(A-inj), we have Homg^b(A)(^,<7<o£^*) — Homj^b(A)(^,<7<o£^*) = 0- It follows that 
= 0, and therefore g factorizes through a. Hence we can form the following commutative diagram in ^''(A) 
with rows being distinguished triangles. 




Since Hom^b(A)((a^o£'*)[-l],J') 
there is some morphism f :X — 
diagram in S!^{A) 



^ Homj^b(A)((cT^o£'*)[— l];^') = 0> the morphism (wf— l])ra = 0, and hence 
7 in &^{A) such that ra = hf. Then we have the following commutative 



V 



4 

X 



X 

\f 



which means that the morphisms X <^ U* and X 4^ X 7 in ^''(A) /^''(VA-Stp) are equal. Since 

the embedding of A-mod into ^^{A) is fully faithful, the morphism / is given by a morphism in A-mod. Hence 
the functor £' is full, and therefore £ is a full functor. 



Suppose that / : X — > 7 is a morphism in A-mod such that £'(/) = 0. That is, the morphisms X X — 

and X ^ X 7 are equal in ^''(A)/^''(vA-Stp). Then there is a morphism W ^X such that sf 
in ^''(A). Embedding s into a distinguished triangle in Sj°(A\ we see that / factorizes in ^''(A) through a 



7 

:0 
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complex in J^''(vA-Stp), and therefore it follows easily that / factorizes in A-mod through an A-module VA-Stp. 
Hence the functor £ is faithful. 

If A is self-injective, then V^-Stp = A-proj and the equivalence was proved by Rickard |[T4l Theorem 2. 1]. If 
A is not self-injective, then there is a projective A-module P not in VA-Stp. Suppose that Z is an equivalence. Then 
there is some A-module X such that X ~ P[-l] in S!^{A) /^''(vA-Stp). That is, there is an isomorphism X 
V =^ P[-l] in ^''(A)/jr''(vA-Stp). Then by Octahedral Axiom, we can form the following commutative 
diagram in ^''(A) 

u'^^p\-i] — ^e;[i] 




X ^ con(g) 



■El 



1], 



where E* and £"* are in ^''(vA-Stp), and con(^) is the mapping cone of g. From the vertical distinguished 
triangle on the right side, we see that the mapping cone con(/z) of h is isomorphic in i^"'(A) to a complex £■* in 
J^''(VA-Stp). All the terms of con(/j) in non-zero degrees are in VA-Stp and P(BX is a. direct summand of the 
0-degree term of con(/j). Hence P is isomorphic to a complex in J^''(vA-Stp) which is impossible since P is 
projective and is not in VA-Stp. This finishes the proof. □ 

Remark: In the above proposition, suppose that P is a projective-injective A-module, if we replace A-mod^ 
by the quotient category of A-mod modulo morphisms factorizing through modules in add(P), and replace 
^''(A)/jr''(VA-Stp) by ^''(A)/^''(add(P)), then the proof of Proposition gl] actually can be used to show 
that in this case the functor £ is also fully faithful. 

Now for each iterated almost v-stable derived equivalence F : 3)° [A) — > 3i^{B\ By Lemma [l!2l we see that 
F induces an equivalence between the triangulated categories ^''(A)/J^''(vA-Stp) and i^''(B)/J^''(vB-Stp). We 
also denote this equivalence by F . In the following, we will see that there is an equivalence : A-mod^ — > 
g- mod^ such that the diagram 



A-mod" 



B-mod" 



'(A)/^''(VA-Stp) 



(B)/^''(VB-Stp) 



of additive functors is commutative up to isomorphism. Moreover, the functor (Sfp also induces an equivalence 
between the stable module categories A-mod and S-mod. 

Before we give the construction of (Sfp, we give the following lemma, which generalizes ISJ Lemma 2.2] and 
will be used in the construction of (|)ir. 

Lemma 4.2. Let A be an arbitrary ring, and let A-Mod be the category of all left ( not necessarily finitely 
generated) A-modules. Suppose X* is a complex over A-Mod bounded above and Y* is a complex over A-Mod 
bounded below. If there is an integer m such that X' is projective for all i > m and YJ is injective for all 
j < m, then Qx\Y' ■ ilomj^^^_y^Q^^{X* ,Y') - 
^(A-Mod) — > ^(A-Mod) is an isomorphism. 



Hom^|.^_lyjQ(jj(X*,F*) induced by the localization functor 6 : 



Proof. Without loss of generality, we can assume that m = 0. For simplicity, we write for J^{A-Mod) and 
^ for ^(A-Mod). Also, the Hom-spaces Hom.;^(— ,— ) and Hom^(— ,— ) will be denoted by and 
®(— , — ), respectively. 
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First, we show that, for each A-module Z, the induced map 



e 



X',Z[1] '■ X 



(X-,Z[1]) 



9 



(x-,z[i]) 



is monic. Indeed, applying ^^(— ,Z[1]) and ,Z[1]) to the distinguished triangle 
we get a commutative diagram with exact rows. 



9 



(a<oX*,Z[l]) 



6x'.z[i 



s^(X-,Z[l]) 



(a;,oX*,Z[l]) 



By ||6j Lemma 2.2], the maps So^qXvz and 6a^oX*.z[i] are isomorphisms. Since ^(aj>oX*,Z[l]) = 0, the map 
9o>oX*,z[i] is clearly monic. Thus, by the Five Lemma (see, for example 05^ p. 13]), the map 6x',z[i] is monic. 
Next, we show that the map 

exv(a^„F-)[i] :,^(X*,(a^or)[l]) ^^(X-,(a5,or)[l]) 

is monic. Indeed, applying ,x(X*) — ) and ^(X*, — ) to the distinguished triangle 



we get a commutative diagram with exact rows. 

^(X-,fO) -,^(X-,(a>oF-)[l]) 



(^>on[l]^(^>on[l]^J'°[l], 
-^(X-,(a^oF-)[l])- 



■ X 



,(x-,y«[i]) 



(X-,fO) 



6xv(o^or")[il 



(X-,(a<oF-)[l]) 



axV(cl>ol-)|l| 



^(X-,(a^oJ")[l]) 



■ 9 



9 



Again by lH Lemma 2.2], the left two vertical maps are isomorphisms. By the above discussion, we see that 
Qx*,yo[i] is monic. So, by the Five Lemma again, the map 6jf .(a>(,y)[i] is monic. 
Finally, applying (X*, — ) and ^{X*, — ) to the distinguished triangle 



(^<oF-)[-l] 

we get a commutative diagram 

jeiX', (a<oF*)[-l]) ^ jr{X\a^oY') 



■x{X-,Y-) 



^a<oF*, 
^(X',a<oF') 



■ x 



(X-,(a^oF-)[l]) 



'^•.(<'<0!'*)|-11 



'^iX',ia<oY')[-l]) ^ 9{X\a^oY') 



9 



9 



(X',F*) 



9 



(X',a<oF*) 



9 



iX',{a^oY-m) 



By assumption, the complex a<oF* is a bounded complex of injective A-modules. So, the maps Qx',{c^oy')[-i] 
and 6x*,a<oF* are isomorphisms. By [6, Lemmma 2.2], the map 6jf,a>oF* is an isomorphism. We have already 
proved that the map ^x' ,{a>oY')[i] is monic. Then by applying the Five Lemma again, the proof is completed. □ 

Now we fix some notations for the rest of this section. Let F : &^{A) — > S!^{B) be an iterated almost 
v-stable derived equivalences between two Artin algebras A and B, and let G be a quasi-inverse of F . Let T* 
and f* be the tilting complexes associated to F and G, respectively. Then by Theorem 1 1.1 1 and Lemma [TTl the 
terms of T* in non-zero degrees are all in VA-Stp, and the terms of f* in non-zero degrees are all in v^-Stp. 

Keeping these notations, we have the following lemma. 
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Lemma 4.3. For each A-module X, the complex F{X) is isomorphic in &^{B) to a radical complex with 
E Vfi-Stp. Moreover, the complex of this form is unique up to isomorphism in ^^(B). In particular, 
if X is a projective (respectively, injective) module, then is isomorphic in ^^(B) to a complex in add(r*) 
( respectively, add (vb f * ) j. 

Proof. By the proof of Theorem 11.11 we see that F ~ F2F^^ for two almost v-stable derived equivalences 
Fx : ^""(C) — > ^^(A) and F2 : ^^{C) — > &^{B). For each A-module X, by [6. Lemma 3.2] and the definition 
of almost v-stable derived equivalences, we see that F^^{X) is isomorphic in &^{C) to a complex with 
Q'x = for all / > and Q'^ £ Vc-Stp for all / < 0. Applying F2 to the distinguished triangle {o^qQx)[—^ — > 
— > — <y<oQx' we get a distinguished triangle in &^{B) 

Since {o^oQx)[~^ ^ complex in ^''(vc-Stp), by Lemma ll!2l the complex F2{g<oQx)[—^ is isomorphic 
in &^{B) to a complex U* in ^''(Vfi-Stp). By [6, Lemma 3.1] and the definition of almost v-stable derived 
equivalences, the complex F2{Q%) is isomorphic in S!^{B) to a complex V* with V G V^-Stp for all / > and 
y = for all / < 0. Thus, the complex F2{Qx), which is isomorphic in S!^{B) to F{X), is isomorphic in 2^{B) 
to the mapping cone con(a) of a chain map a from U* to V* . Now it is clear that all the terms of con(a) in 
non-zero degrees are in v^-Stp. Taking a radical complex 7^ which is isomorphic to con(a) in J^^{B), we see 
that is isomorphic to fx and fx € V^-Stp. 

Suppose that W* is another radical complex with E Vg-Stp, and F{X) ~ W* . Then W* and fx are 
isomorphic in &^{B). By Lemma 1431 they are isomorphic in J^^{B). Since both W and are radical 
complexes, they are also isomorphic in ^^{B). 

Since all the complexes in add(f*) and add(v5f *) have the desired form, the last statement follows by the 
uniqueness of fx- □ 

In the following, without loss of generality, we fix for each A-module X a complex fx defined in Lemma l43] 
and assume thatF(X) = for allA-modules X. LetX and Y be two A-modules. There is a natural isomorphism 

HomA(X,F) ~Hom^b(B)(fx,fy) 

sending / to F{f). By Lemma 1421 there is a natural isomorphism 

Hom^b(B)(f^,fy*) ~ Hom^b(B)( fx, fy*) 

induced by the localization functor from Jf^{B) to ^^^{B). It is easy to see that there is a natural map 

Hom^;^b(5)(f;,f;) ^Hom^(fi',fO) 

sending u* to m". Indeed, if u* = v* in Hom j^b(g) (fxjf*), then — factorizes through 7^ © ff^ which is in 
Vfl-Stp by definition. This means — v" = in Hom ^fr^. T^). Altogether, we have a natural morphism 

: HomA(X,F) — > Uoml (f^.f^) 

sending / to m", where u* is a chain map such that u* = F{f). Now if / factorizes through an A-module in 
VA-Stp, then u* factorizes through a complex P* in ^''(vg-Stp) by Lemma [331 By Lemma 1431 we can assume 
that u* = g*h* in ^''(B) for chain maps g* '.fx — > P* and h* : P* — > f/. Thus, it follows that u^ - g^h'^^ 
factorizes through fjT^ and consequently factorizes through P^ @fx® Ty^ which is in v^-Stp. Hence 
]£ = 0. Hence we get a natural morphism 

^ : Hom^(X,F) ^ Hom^(f°, f°) 
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Now we define a functor : A-mod^ — > B-mod^. For each A-module X, we set ^f{X) := T^, and for each 
morphism / e Hom^(X, F), we define (t)f (/) := m", where u* =F{f). Now it is easy to see that the diagram 

A-mod^ S''°{A) /^^''(VA-Stp) (*) 



B-mod^ &^{B)/je^{vB-Stp) 

— S — t 

is commutative up to isomorphism. Indeed, one can check that the isomorphism 4= ct^qTx =^ ^ 
i^''(B)/J^^''(VB-Stp) with and t the canonical maps is a natural map, and this gives rise to an isomorphism 
from the functor F£ to the functor lAfp- 



For an Artin algebra, in the following theorem, we denote by A-mod the quotient category of A-mod modulo 
morphisms factorizing through injective modules. 

Theorem 4.4. Let F : ^''(A) — > S!^{B) be an iterated almost v -stable derived equivalence. Then we have the 
following: 

(1) The functor : A-mod^ — > B-mod^ is an equivalence; 

(2) The functor ^p induces an equivalence between A-mod and B-mod; 

(3) The functor ^p induces an equivalence between A-mod and B-mod; 

(4) The functor ^p is uniquely (up to isomorphism) determined by the commutative diagram (J^). Moreover, 
iff' : i^"'(B) — > ^''(C) is another iterated almost v-stable derived equivalence, then (sfpip ~ ^p'^p. 

Proof. Let G be a quasi-inverse of F. Then G also induces an equivalence between ^'^(B)/^^(vB-Stp) and 
^''(A)/J^''(VA-Stp). We also denote it by G. Then by the above commutative diagram of additive functors, the 
functor 'L(SfG^F is isomorphic to the functor GFZ, which is isomorphic to Z. By Proposition 14. 1[ the functor £ 
is a fully faithful embedding. Hence (Sfc^F is isomorphic to I^.j^q^j^- By symmetry, the functor (|)g is also 
isomorphic to l^.^od^" Hence (Sfp is an equivalence, and (1) is proved. 

By the construction of (Sfp, it follows from Lemma 1431 that (Sfp sends projective modules to projective mod- 
ules, and sends injective modules to injective modules. Moreover, the modules in V^-Stp and Vg-Stp are all 
projective-injective. Thus, the statements (2) and (3) follow. 

(4) If (|) : A-mod^ — B-mod^ is a functor such that lAf ~ FIL, then the functor TAf is isomorphic to "LiSfp. 
Hence (|) ~ since £ is fully faithful. The rest of (4) follows similarly. □ 



Remark: (1) It follows from the definition of iterated almost v-stable derived equivalences and Theorem 
3.7] that every iterated almost v-stable derived equivalence induces an equivalence between the stable module 
categories, however, the proof of Theorem l4.4l presented here is not based on the earlier result |6, Thoerem 3.7], 
and is completely different from the proof there. Moreover, Theorem 14.41 is more general than @ Theorem 3.7] 
since we get an equivalence between A-mod^ and B-mod^ which is not obtained in |6, Theorem 3.7]. 

(2) In case that F is an almost v-stable derived equivalence, it follows by definition that the stable equivalence 
from A-mod to B-mod induced by the functor (Sfp coincides with the stable functor F considered in lITOll . 



5 Constructions of iterated almost v -stable derived equivalences 

In this section, we shall give some constructions of iterated almost v-stable derived equivalences. 

Let us recall from |2] the definition of approximations. Let C be a category, and let £> be a full subcategory 
of C, and X an object in C. A morphism / : D — > X in C is called a right Ti -approximation of X if D G ® and 
the induced map Homc(D',/): Homc(D',D) — > Homc(D',X) is surjective for every object D' G ®. Dually, 
one can define left © -approximations. 
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By Theorem ll.il to get an iterated almost v-stable derived equivalence, we only need to construct a derived 
equivalence with the involved tilting complexes satisfying the conditions in Theorem 11.11 Let A be an algebra, 
and let P, Q be two projective A-modules satisfying the following two conditions: 

(1) add(AP) = add(vAP), addUe) = add(vAG); 

(2) HomA(P,G)=0. 

For each positive integer r, we can form the following complex: 







-r ff 



-r+l 



0, 



where fi : P ^ — > A is a right add (a/') -approximation of A, and : P ' ^ 
approximation of Ker(/;) for / = 1 , • • ■ , r — 1 . Similarly, we can form a complex 



P ' is a right add(AP) 







0, 



where g\ is a left add(/i2)-approximation of A, and gi^i is a left add(A2)-approximation of Coker(g,) for 
/= 1,2, ■■■ ,s—l. Since HomA(P,2) = 0, connecting the two complexes together, we get a complex 







where A is in degree zero. We denote this complex by Tpg, and let T* := TpQ(BP[r\ ® 2[— ■s]. 

Proposition 5.1. Keeping the notations above, we have the following: 

(1) The complex T* is a tilting complex. 

(2) Let B := End^b^^) Then T' induces an iterated almost v-stable derived equivalence between the 
algebras A and B. 



Proof. (1) By the construction of T*, we have 

'' p-'eP, i = -r; 

P\ -r<i<0; 

A, / = 0; 

Q', 0<i<s; 

Q'(BQ, i = s; 

otherwise. 



and 



f-i, 
gi+i, 





I = -r; 
-r < / < 0; 

^ / < 5 - 1 ; 

1 = s — I; 
otherwise. 



We first show that Hom^b(A-proj)(-^*'-^*[']) ~ ^ ^'^^ ' ^- -Assume that / is a positive integer. Let u* be 
a morphism in Hom^i,^^_pj.pj^(r*,r*[/]). Then we have the following commutative diagram 



-(•-1 



5~ T-'+l 





1,-' 




< 4 ^ 



— 1 



4 



4 









d'r 



Since }iomA{P,Q) = 0, we have = for all -i < k < 0. By definition, T^' G add(AP). Since dj^ = fx 
is a right add (aP) -approximation, there is a map h^' : T^' — > T^^ such that u^' = h^'dj^ . Thus, (m^'^' — 
dj'^^h^^)dj^ = dj'^^u^^ — dj'^^h^^dj^ = dj'^^u^' — dj^'^^u^' = 0. Since <ij^^ is aright <3(i(i(A/')-approximation 
of Ker(Jy there is a map h-'-^ : 7"'"' — > T-^ such that m^'^i -dj'^^h'' = h-'-'^dj^, that is m^'^^ = 
dj'^^h^^ + h^'^^ dj^ . Similarly, for each integer k < —i— 1, there are maps h^^^ : T^^^ — T^^^ and h'^ : T'^ — > 
T^+'-^ such that u^ = d!}-h^+^ +h^d^j^'^\ Defining h^ = for all -i<ki^ 0, we have u^ = d^jh^+^ +h^dl"''^^ 
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for all k < 0. Similarly, we can prove that m*^ = djh^^^ + h^d^^ ^ for ^ ^ 0. Altogether, we have shown that 
= in ^''(A-proj). Hence Hom^b(^.pi-oj)(^*i^*W) = for ' > 0. By an analogous proof, we have 
Hom^i,j^_pj.Qjj(r*,r*[/]) = for all / < 0. Finally, since P[r\ and Q[—s\ are in add(r*), we deduce that is 

in the triangulated subcategory of ^''(A-proj) generated by add(r*). Hence add(r*) generates ^y^'' (A-proj ) as 
a triangulated category, and consequently T* is a tilting complex over A. 

(2) Let F : ^^(A) — > &^{B) be a derived equivalence induced by T*. Also, we use F to denote the 
equivalence between ^''(A-proj) and ^''(B-proj) induced byF. SetP := Hom^i,|-^_pj.Qj^(r*,P[r]) ~F(P[r]), 
Q := Hom^,(^.proj)(r-,!2[-5]) ^ F{Q[-s]), and U := Uomj^,^^_p,^^^{T' J^q) F{T^q). Then F{P) ^ 
P[—r\ and F{Q) ~ Q[s\. For simplicity, we list some subcomplexes of T*: 

P*: — yP-' — > >P-^ — ^0, 

G*: O^Q'^ ^G-'^O, 

R' : — >A — — > yQ' — ^ 0. 

By Lemma l2?n F{P*) is isomorphic to a complex P' in ^''(add(P)) such that P' = for all / < and all / ^ r. 
The complex F{Q*) is isomorphic to a complex Q* in J?i^''(add(2)) with Q' = for all / > and all / ^ —s. 
Note that there is a distinguished triangle in J?i^''(A-proj) 

P'[-l] — >R' — >T^Q — >P'. 

Applying F, we get a distinguished triangle in ^''(B-proj): 

FiP')[-i] ^F(r;e) ^F(p-). 

Hence F{R') is isomorphic to a complex of the following form: 

— >U — >P^ — >P^ — >■■■ 
with U in degree 0. Next we have a distinguished triangle 

Q' ^R' ^A^Q'il] 

in ^''(A-proj). Applying F, we see that F(A) is isomorphic to a complex f of the form 

>Q^ — >Q° — >U — >P^ — >P^ — , 

where U is in degree zero. Note that J" is a tilting complex associated to since F^^{T') ~ A. Since 
add(AP) = add(vAP) and add(AG) = add(vA2), we have add(BP) = add(vBP) and add(Be) = add(vBG). Thus, 
we have add(Ar'^) = add(vAr'^) and add(Bf±) = add(vBf^). By Theorem [TTTl the statement (2) follows. □ 

To illustrate Proposition 15.11 we give an example. Let A be the finite-dimensional ^-algebra given by the 
quiver 

a P Y 

1 a' 2 p' 3 y 4 

with relations a'a = PP' = aP = Py = P'a' = yp' = P'P — y/ = 0. We use P, to denote the indecomposable 
projective A-module corresponding to the vertex / for / = 1,2,3,4. The Loewy structure of the projective A- 
modules can be listed as follows. 

12 3 4 

Pi : 2 P2 : 1 3 P3 : 2 4 P4 : 3 
1 3 4 
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Let P := Pi and Q := P3 8^4. Then we have add(AP) = add(vA/'), add(Ag) = add(vA2), and HomA(P, Q) = 0. 
Using Proposition 15. 1[ we have a tilting complex T* over A. The indecomposable direct summands of T* are: 

T': — >Pi — ^ 

Tj*: — yPs — ^ 

r; : ^ P4 — ^ 

A calculation shows that the algebra B := End^b(A)(r') is given by the quiver 




with relations a'a = aP = 8a' = py8 = y8py = 0. By Proposition 15.11 T* induces an iterated almost v-stable 
derived equivalence between A and B. Therefore, A and B are also stably equivalent of Morita type. 

The following proposition shows how we can construct iterated almost v-stable derived equivalences induc- 
tively. 

Proposition 5.2. Let F : S'^{A) — y S'^{B) be an iterated almost \ -stable derived equivalence between two 
finite-dimensional algebras A and B over a field k, and let be the stable equivalence induced by F (see, 
Theorem l4.4D . Then we have the following: 

( 1 ) For each A-module X, there is an iterated almost V-stable derived equivalence between the endomor- 
phism algebras EndA(A 0X) and EndsiB (^f{X)); 

(2) For a finite-dimension self-injective k-algebra C, there is an iterated almost \-stable derived equivalence 
between A^^C and B ®k C. 

Proof. Suppose that F ~ F1F2 ■ ■ -F^ such that F, or F^^^ is almost v-stable for all /. By Theorem 14.41 we have 
~ (|)fi(|)F2 • ■ •(|)f„. By the remark after Theorem I4.4[ we know that (^p. coincides with the Fi considered in ||6l 
for all /. Thus, the statements (1) follows from 161 Corollary 1.3]. The proof of (2) is similar to that of lH 
Proposition 6.2]. □ 

Let us recall from (T\ the definition of <I>-Auslander-Yoneda algebras. A subset <I> of the set of natural 
numbers N is called admissible provided that: (1) e (2) If i + j + k e <t> for i,j,k € <t>, then / + j € O 
implies that j + k G^. For instance, the sets N, {0, 1, •••,«} are admissible subsets of N. Suppose that 
be an admissible subset of N. Let A be an Artin algebra, and let X be an A-module. Now we consider the 
Yoneda algebra Ext^(X,X) = 0,^.0 Hom^b(A)(X,X[/]) of X, and define E*(X) := 0;g(j,Hom^b(A)(X,X[/]) with 
multiplication: for a,- € Hom^b(yi)(X,X[/]) and aj € Hom^b(A)(X,X[j]), we define a, • aj = aiaj if i + jG and 
zero otherwise. Then one can check thatE*(X) is an associated algebra. If <I> = {0}, then E*(X) is isomorphic 
to EndA(X). If O = N, then Ef (X) is just the Yoneda algebra of X. 

Proposition 5.3. Let F : S'^{A) — y S'^{B) be an iterated almost v-stable derived equivalence between two 
Artin algebras A and B. Suppose that is an admissible subset o/N. Then we have the following: 

(1) For any A-module X, there is a derived equivalence between the ^-Auslander-Yoneda algebras E*(A © 
X) WEf(B©(|)F(X)); 

(2) 7f<I> is a finite set, then for any A-module X, there is an iterated almost v-stable derived equivalence 
between Ef{A®X) andE${B®<Sfp{X)). 

Proof. Using the result ITj Theorem 3.4], the proof is similar to that of Proposition 15. 21 (1). □ 
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